This study applies two analytical approaches, Laplace transform and normal mode methods, to investigate the dynamic transient response of a cantilever Timoshenko beam subjected to impact forces. Explicit solutions for the normal mode method and the Laplace transform method are presented. The Durbin method is used to perform the Laplace inverse transformation, and numerical results based on these two approaches are compared. The comparison indicates that the normal mode method is more efficient than the Laplace transform method in the transient response analysis of a cantilever Timoshenko beam, whereas the Laplace transform method is more appropriate than the normal mode method when analyzing the complicated multi-span Timoshenko beam. Furthermore, a three-dimensional finite element cantilever beam model is implemented. The results are compared with the transient responses for displacement, normal stress, shear stress, and the resonant frequencies of a Timoshenko beam and Bernoulli-Euler beam theories. The transient displacement response for a cantilever beam can be appropriately evaluated using the Timoshenko beam theory if the slender ratio is greater than 10 or using the Bernoulli-Euler beam theory if the slender ratio is greater than 100. Moreover, the resonant frequency of a cantilever beam can be accurately determined by the Timoshenko beam theory if the slender ratio is greater than 100 or by the Bernoulli-Euler beam theory if the slender ratio is greater than 400.
Introduction
The dynamic transient response of a beam is an important topic in engineering applications. Although the Bernoulli-Euler beam theory (classical beam theory) is most widely used, it has no upper bound for the wave velocity and overestimates the natural frequencies. Moreover, the Bernoulli-Euler beam theory provides accurate results for slender beams rather than for thick beams. Timoshenko (Timoshenko, 1921 (Timoshenko, , 1922 improved the beam theory by including the influence of shear and rotary inertia. Therefore, the Timoshenko beam theory not only has upper bounds for wave velocities but also agrees well with the natural frequencies and mode shapes of the exact two-dimensional theory (Fung, 1965; Graff, 1973; Labuschagne et al., 2009) . Consequently, the Timoshenko beam theory is more appropriate for analyzing transient responses, especially in situations involving high frequency vibrations and thick beams. Stephen and Puchegger (2006) made a comparison of the resonant frequencies of bending vibration of a short free beam to test the valid frequency range of Timoshenko beam theory.
In this study, the Laplace transform method and the normal mode method are employed to investigate the transient response of a Timoshenko cantilever beam subjected to impact loading. The Laplace transform method can be classified into two approaches for inverse transformation: theoretical and numerical inverse approaches. Although the theoretical inversion is able to yield the exact solution (ray solution), the integration in a complex plane is difficult, and the numerical calculation time is extensive. From this perspective, the numerical Laplace inversion is needed because inverse transforms can be obtained more easily and efficiently. Abundant literature is available that discusses the methods of numerical inversion of Laplace transformation, and they can be classified into four groups (Davies and Martin, 1979) . The first group contains methods that represent the function using polynomials. This group contains several mathematical approaches such as Legendre polynomials (Papoulis, 1956) , Jacobi polynomials (Max et al., 1966) , Chebyshev polynomials (Lanczos, 1957) , and Laguerre polynomials (Weeks, 1966) . The second group contains methods based on Gaussian quadrature formulas (Piessens, 1970) . The third group is a method of trapezoidal integration along a special integral contour (Talbot, 1979) . Duffy compared three numerical methods of the Laplace inversion and concluded that Talbot proposed an optimum parameter selection method (Duffy, 1993) . The fourth group is comprised of methods based on series. Dubner and Abate used the Fourier cosine transformation to perform the numerical Laplace inversion (Dubner and Abate, 1968) , and Durbin (1974) improved it by including the Fourier sine transformation into the Dubner and Abate method. As a result, the numerical error in the Durbin method is independent of time and valid for the whole period of the series. Crump (1976) proposed a method based on Dubner and Abate but which converged more quickly. Honig and Hirdes (1984) made an improvement to reduce the dependence of discretization and truncation errors on the free parameters. Because the methods based on the Fourier series have an excellent accuracy on a wide range of functions (Davies and Martin, 1979) , the Durbin method is used in this study to evaluate transient responses of the Timoshenko beam.
The normal mode method (i.e., mode superposition or eigenfunction expansion), which expresses a transient response by superposing all the steady state responses, can provide a long-time response for numerical calculation. Traill-Nash and Collar (1953) presented the frequency equations and mode shapes for three types of end supports and compared them with experimental values. Anderson and Pasadena (1953) solved the transient response for a simply supported beam problem. Han et al. (1999) analyzed the steady state and transient responses for the Bernoulli-Euler, Rayleigh, shear, and Timoshenko beams. Van Rensburg and Van der Merwe (2006) discussed natural frequencies and mode shapes of the Timoshenko beam in detail. Su and Ma (2011) investigated the dynamic response of a simply-supported Timoshenko beam by ray and normal mode methods. Although many investigations of the normal mode method can be found, very few papers presented the results in close form solutions, which is significant for the efficiency of the numerical calculation for the normal mode method. This study provides the close form solutions of the normal mode method for the cantilever Timoshenko beam and discusses the numerical results with the Durbin method. The methodology proposed by Ma's group (Lee and Ma, 1999; Ma et al., 2001; Ma and Lee, 2006) for solving a multi-layered media problem is successful, and the Durbin method provides the greatest promise of inversing the Laplace transformation (Davies and Martin, 1979) . These two formulations are integrated to solve dynamics problems of complex structures. This paper is organized as follows. Section 2 presents the solutions in the Laplace transform domain and the transient responses are obtained by the Laplace inverse transformation base on the Durbin method. In Section 3, the normal mode method is employed to analyze the Timoshenko cantilever beam subjected to impact loadings. Based on these two approaches, the comparison of the transient responses for displacement, shear force and bending moment is made in Section 4. The normal mode method (theoretical method) is used as a standard for a convergence check for the Laplace transform and Durbin method (numerical method). Furthermore, the comparisons of resonant frequencies and transient responses for displacement, normal stress and shear stress base on the Bernoulli-Euler beam, Timoshenko beam and ABAQUS FEM are discussed in this section. Finally, a conclusion is made in Section 5.
Transient solutions based on the Laplace transform method
As shown in Fig. 1 , a cantilever beam is considered, and the left endpoint of the beam is denoted as node [1] , while the right endpoint of the beam is node [2] . The origin of the coordinate x is set at node [1] . The beam with length L is subjected to an interior impact force F 0 H(t) at x = d, where H(t) is the Heaviside function. The transient responses of the cantilever beam will be derived and discussed by the Laplace transform method in this section and the normal mode method in the next section.
Solution in the transform domain
Based on the Timoshenko beam theory, the equations of motion for a beam can be written as
where E is Young's modulus, q is the material density, A is the crosssectional area of the beam, I is the cross-sectional moment of inertia, G is the shear modulus, j is the shear coefficient, and y b and y s denote the transverse displacements due to bending moment and shear force, respectively. The transverse displacement is expressed as yðx; tÞ ¼ y b ðx; tÞ þ y s ðx; tÞ:
The bending slope of deflection curve, shear force, and bending moment are given, respectively, by
The initial conditions are presented as
The boundary conditions at x = 0 and x = L are as follows
We applied the Laplace transform over time t with transform parameter p for boundary conditions in the transform domain. The Laplace transform of an arbitrary function f(x, t) is defined by Fðx; pÞ
where p is a positive real number, large enough to ensure the convergence of the integral. By using the Laplace transform, the governing Eq. (1) become two coupled ordinary differential equations as follows 
The characteristic equation of k for the nontrivial solution of Eq. 
From Eq. (14), the global field vector c is given by:
The inverse of the coefficient matrix M is represented by extracting the diagonal block matrix D out of the expression as
where
Therefore, the global field vector c is represented by
where the source vector s is
Because the impact force F 0 H(t) is applied to the interior of the beam, it is necessary to modify the source vector s presented in Eq. (22). The waves radiate from the source into two directions and will later become incident waves in successive reflections at the boundary. The source vector includes the waves propagating in both directions and is denoted by s ⁄ to distinguish it from the source function of boundary loading, s. All the reflected waves are contained in the term (I À R) 
and s ⁄ is represented as
The problem can be treated as an infinite beam subjected to an interior impact force before the source ray radiates from the boundary. Then, s + (d) = (t 1+ t 2+ ) and s À (d) = (t 1À t 2À ) can be obtained from the problem depicted in Fig. 3a . The equivalent problem of Fig. 3a is Fig. 3b , which divides the impact force F 0 H(t) into two equal parts F 0 H(t)/2 acting on each semi-infinite beam. Because of symmetry, only the right half of the beam x 0 P 0 in Fig. 3b needs to be considered (Miklowitz, 1978 
From the symmetry, the solution for the infinite beam shown in Fig. 3a is obtained as followŝ
Because the problem of a cantilever beam subjected to an impact force at x = d is considered, it is convenient to translate the origin of the coordinate x into node [1]. Therefore, Eq. (28) becomeŝ
The source term (ray) is thus obtained from Eqs. (24), (25) and (29) as follows Fig. 3a . Infinite Timoshenko beam subjected to the transverse impact force.
It is noted that the formulation used in this study to solve the boundary value problem (i.e., Eqs. 10-25)) is effective and can be extended to solve complex structures such as multi-span beam problems without difficulty. The analytical solutions in the Laplace transform domain are explicitly presented as followŝ (31e) to evaluate the normal stress on the surface of the beam. These two relations for stress are restricted to a beam with a rectangular cross section.
Laplace inversion using the Durbin method
The boundary value problem has been solved in the previous section in the transform domain, the transient response can be obtained by applying the Laplace inverse transformation as follows:
Fðx; pÞe pt dp:
In view of the result for the solutions in the transform domain as presented in Eq. (31), it is impossible to invert the transformation from the analytical method. Hence, the numerical method for the Laplace inverse transformation is used in this study. The Laplace transform parameter p can be represented by p = n + ix, and we have e pt = e nt (cos xt + isin xt). As a result, the solution in Laplace transform domain can be separated into real part and imaginary part functions as follows (Durbin, 1974) 
where Re½Fðx; n þ ixÞ ¼
Ànt f ðx; tÞ cos xtdt;
Let dp = idx, then Eq. (32) can be rewritten into the following form
After utilizing the variable change, trigonometric quantity, and characteristic of the complex conjugate to Eq. (35), we have In addition, from the property that f(x, t) = 0 holds for t < 0 
It is noted that Eqs. (34) and (38) are two transform pairs. A real function h(x, t) with the property h(x, t) = 0 is defined for t < 0 such that (Dubner and Abate, 1968) hðx; tÞ ¼ e Ànt f ðx; tÞ:
Consider the function h(x, t) in separate time intervals such as (nT, (n + 1)T) and define an infinite set functions constituted by g n (x, t) with time period 2T as follows for n = 1, 3, 5, . . . g n ðx; tÞ ¼ hðx; ðn þ 1ÞT þ tÞ; ÀT 6 t 6 0; ðaÞ hðx; ðn þ 1ÞT À tÞ; 0 6 t 6 T; ðbÞ hðx; ðn À 1ÞT þ tÞ; T 6 t 6 2T; ðcÞ
for n = 0,2,4,. . . g n ðx; tÞ ¼ hðx; nT À tÞ; ÀT 6 t 6 0; ðaÞ hðx; nT þ tÞ; 0 6 t 6 T; ðbÞ hðx; ðn þ 2ÞT À tÞ; T 6 t 6 2T: ðcÞ
Expanding g n (x, t) into Fourier cosine series, we obtain 
From Eqs. (39) and (43), we have
Moreover, Eqs. (34a) and (44) show that
Therefore, 
From Eqs. (46) and (47), the following holds for 0 6 t 6 2T f ðx; tÞ þ ERROR 1ðx; n; t; TÞ ¼ 2e
The Dubner and Abate method evaluates f(x, t) by the right hand side of Eq. (48), so that the numerical results are accompanied with ERROR 1. which increases exponentially with t, and is only valid for t 6 T/2 in numerical simulations (Dubner and Abate, 1968; Durbin, 1974) . Durbin improved the Dubner and Abate method by taking the Fourier sine series into account to eliminate the exponential increment of the numerical error term in Eq. (47b). Similar to the first step of the Dubner and Abate method when considering the function h(x, t) in separate time intervals such as (nT, (n + 1)T), an infinite set of odd functions constituted by k n (x, t) with time period 2T are defined as follows (Durbin, 1974) :
for n = 1,3,5,. . . k n ðx; tÞ ¼ hðx; ðn þ 1ÞT þ tÞ; ÀT 6 t 6 0; ðaÞ Àhðx; ðn þ 1ÞT À tÞ; 0 6 t 6 T; ðbÞ hðx; ðn À 1ÞT þ tÞ; T 6 t 6 2T: ðcÞ
for n = 0,2,4,. . . k n ðx; tÞ ¼ Àhðx; nT À tÞ; ÀT 6 t 6 0; ðaÞ hðx; nT þ tÞ; 0 6 t 6 T; ðbÞ Àhðx; ðn þ 2ÞT À tÞ; T 6 t 6 2T: ðcÞ
Expand k n (x, t) into a Fourier sine series as
The coefficients of the Fourier sine series are expressed by
Furthermore, from Eqs. (39) and (52)
Eqs. (51) and (53) yield
From Eqs. (39), (49b), (49c), (50b), (50c), (54), we have the following equation which holds for 0 6 t 6 2T f ðx; tÞ þ X 1 k¼1 e À2nkT ½f ðx; 2kT þ tÞ À e 2nt f ðx; 2kT À tÞ
Summing half of both sides of Eqs. (48) and (55) gives the following
The Durbin method inverses the Laplace transform using Eq. (56) and ignores the term P 1 k¼1 e À2nkT f ðx; 2kT þ tÞ, which is the numerical error of this approach. It is noted that the error term P 1 k¼1 e À2nkT f ðx; 2kT þ tÞ 6 C=ðe 2nT À 1Þ if f(x, t) < C, where C is a constant (Durbin, 1974) . Hence, the numerical error of the Durbin method no longer increases exponentially with t like the Dubner and Abate methods. As a result, the Durbin method is more appropriate than the Dubner and Abate methods to be used for the Laplace inversion.
Transient solutions based on the normal mode method

Eigenvalues and eigenfunctions
Due to the classification of two type of eigenvalues (i.e., two mode waves) of the Timoshenko beam, the total displacement y and the bending slope of the deflection curve / (i.e., / = oy b /@x) are used as independent variables instead of y b and y s in the normal mode method. The governing equations of the Timoshenko beam are presented in the following form
@t 2 ¼ Mðx; tÞ:
To construct the general solutions of this problem, we set y(x, t) = y(x)e ixt and /(x, t) = /(x)e ixt and substituted it into the homogeneous governing equations, which become the two coupled ordinary differential equations as
where a = jGA/Iq. 
where k x 2 . The roots m of the characteristic Eq. (59) are
Note that m 2 can be equal to, less than, or greater than zero, which determines the form of the eigenfunction. Therefore, three cases (i.e., k < a, k = a, k > a) are considered as follows:
There are two real and two imaginary roots. Denoting the roots of Eq. (59) by ±l and ±hi, the general solution of the system is expressed by 
Using the boundary conditions y(0) = 0 and /(0) = 0 to Eq. (60), we obtain
Next, utilizing the boundary conditions V(L, t) = 0 and M(L, t) = 0 gives
kis an eigenvalue if and only if the determinant is zero. Hence, the characteristic equation is expressed as follows: 
Applying the boundary conditions y(0) = 0 and /(0) = 0 to Eq. (66) yields
From the boundary conditions V(L, t) = 0 and M(L, t) = 0, we have
It is noted that k is an eigenvalue if and only if the determinant is zero. Therefore, the characteristic equation is given by
The corresponding eigenfunction is represented as follows: 
For all cases:
From the boundary conditions y(0) = 0 and /(0) = 0, Eq. (71) gives
For the boundary conditions V(L, t) = 0 and M(L, t) = 0, we have
sin wL þ g 2 sin hL Àg 3 cos wL þ g 2 cos hL
Similarly, k is an eigenvalue if and only if the determinant is zero. As a result, the characteristic equation is presented as
The corresponding eigenfunction is represented as follows: Note that w = h is the only possible case for double eigenvalues of this problem, but the relation w = h would result in a paradox.
Therefore, the eigenvalues k for a cantilever beam are all simple eigenvalues. In addition, the characteristic equations, i.e., Eqs. (64), (69), (76) 
Eigenfunction expansion
The eigenfunction expansion is used to construct the transient solution as follows:
yðx; tÞ ¼ P 1 n¼1 y n ðtÞT n ðtÞ; /ðx; tÞ ¼ P 1
n¼1
/ n ðtÞT n ðtÞ:
Substituting Eqs. (65), (70), (77), (80) to the governing equation (i.e., Eq. (57)) and using integration by parts, orthogonal conditions of eigenfunctions, and the initial conditions yields 
The functions X 1 -X 10 , expressed in Eqs. (82)- (86), are explicitly presented in Appendix B.
Numerical results and discussion
Comparison of the transient responses for the Laplace and normal mode methods
In this section, we set c 1 = 1.8c 2 for numerical calculation, and the dimensionless beam length (i.e., the slender ratio) is L r = L/r g = 10. The impact force is applied at d = L r /2 = 5, and the dimensionless locations of the receiver are x r = x/r g = 2 and x r = x/r g = 8. In addition, the parameters T = 140 and a = 10/T are chosen for the Durbin numerical method. Fig. 4 shows the transient results of the displacement, shear force, and bending moment obtained using two approaches. Fig. 4a is the long time displacement transient response obtained from the Durbin method with a summation of 2000 terms. Fig. 4b is the displacement result from the normal mode solution summed with 1543 terms. Figs. 4c and 4d are the transient responses for the shear force obtained by the Durbin method (30,000 terms) and the normal mode solution (50,000 terms). Figs. 4e and 4f are the transient responses of the bending moment from the Durbin method (1000 terms) and the normal mode solution (500 terms). As shown in 4, the numerical calculations from the two approaches have the same result, which indicates that the theoretical solutions and the numerical results for the Durbin and normal mode methods are all correct. We can see that the transient displacement at the receiver x r = 8 (near the free end) is much larger than that at x r = 2 (near the fixed end). However, the shear force and bending moment at the receiver x r = 2 is much larger than that at x r = 8. The computation times for Figs. spsfig4a,spsfig4b,spsfig4c,spsfig4d,spsfig4e,spsfig4f are 5 h, 25 min, 5 h, 4 h, 10 min, and 3 min, respectively. Therefore, the normal mode method is more efficient than the Durbin method in calculating transient responses of a cantilever Timoshenko beam. This is mainly due to the fact that the integrals
(81) can be represented in explicit forms (i.e., X 1 , X 2 , X 3 , X 4 ). However, for more complicated structures, it is almost impossible to obtain the integrals
n ðxÞdx in explicit forms because of the increasing complexity of the eigenfunctions. Hence, the Durbin method is more appropriate than the normal mode method for the computational efficiency and accuracy of complex structures. It is observed from Figs. 4c and 4d that there is an abrupt change of the magnitude for the shear force as the wave front arrives at the receiver. Hence, more terms are needed to calculate the shear force than for the displacement and bending moment. 100 mm long, 5 mm wide, and 34.64 mm thick, and the slender ratio is L/r g = 10.
The Timoshenko beam theory is more accurate than the Bernoulli-Euler beam theory because it includes shear and rotary inertia. The major disadvantages of the Bernoulli-Euler beam theory are overestimating the natural frequencies and lack of an upper bound for wave velocity. Literature exists in which the agreement of the Timoshenko beam and the two-dimensional exact theory is discussed (Fung, 1965; Graff, 1973; Labuschagne et al., 2009 ), but there are very few comparisons with the three-dimensional beam. Stephen and Puchegger (2006) made a comparison of the resonant frequencies of bending vibration of a short free beam to test the valid frequency range of Timoshenko beam theory Therefore, we use the commercial finite element package ABAQUS to analyze the resonant frequency based on a three-dimensional model. The resonant frequencies for different beam thicknesses calculated by the Bernoulli-Euler beam, the Timoshenko beam, and the ABAQUS three-dimensional model are presented in Tables 1-3 . The subscript 1 refers to mode 1 wave, while subscript 2 refers to the mode 2 wave in the results for the Timoshenko beam. Similarly, in the ABAQUS results, the resonant frequency f 1 is obtained from the thickness-shear vibration mode, and f 2 is obtained from the flexural vibration mode. The overestimation of flexural vibration resonant frequencies for the Bernoulli-Euler beam is observed in Table 1 . In this table, the resonant frequencies calculated by the Bernoulli-Euler beam theory contain large errors when compared with the ABAQUS 3-D model. Furthermore, these errors increase with the increment of mode number (i.e., from 8.27% to 482.04%). The resonant frequencies of flexural vibration obtained by the Timoshenko beam theory (f 2 ) have small discrepancies when compared with the ABAQUS 3-D model. The errors remain within 3% for high resonant frequencies. Hence, the prediction of the resonant frequencies for flexural vibrations in thick cantilever beams from the Timoshenko beam theory is accurate. However, the prediction of the thickness-shear vibration mode, i.e., mode 1 wave, obtained by the Timoshenko beam theory is not as accurate as the mode 2 wave. The errors increase for higher frequencies, and the maximum error is up to 11.12%. It seems that the beam is too thick to be considered as a Timoshenko beam. Hence, a beam with a larger slender ratio is considered next. Table 2 is the result for a cantilever beam with a slender ratio L/r g = 100 (i.e., the thickness of the beam is 3.464 mm, while the length and width of the beam remain the same). As shown in Table 2 , both the errors of the resonant frequencies for the Bernoulli-Euler beam and Timoshenko beam decrease. Furthermore, all the resonant frequencies calculated by the Timoshenko beam theory match the results of the ABAQUS 3-D cantilever beam model. Therefore, we note that when the slender ratio L/r g is larger than 100, the Timoshenko beam theory can accurately determine the resonant frequencies of a cantilever beam. Finally, a comparison of the resonant frequencies for the slender ratio L/r g = 400 (i.e., the thickness of the beam becomes 0.866 mm) is shown in Table 3 . The resonant frequencies predicted by the Bernoulli-Euler beam and Timoshenko beam theories are both congruent with the ABAQUS 3-D calculations. This implies that the Bernoulli-Euler beam can be used to evaluate the resonant frequencies of a cantilever beam when the slender ratio L/r g reaches 400. In this case, the resonant frequencies determined from Timoshenko beam theory are more accurate than that obtained from ABAQUS FEM results. Note that all the errors are negative and it is well known that eigenvalues are approximated from above by the FEM (see e.g., Strang and Fix, 2008) . We first consider a cantilever beam that is 100 mm long, 5 mm wide, and 34.64 mm thick, with a slender ratio of L/r g = 10. The displacement result of the Bernoulli-Euler beam theory, as shown in Fig. 5a , has a large discrepancy when compared with the results of the Timoshenko beam (Fig. 5b ) and the ABAQUS 3-D beam model (Fig. 5c) . However, the results computed by the Timoshenko beam and the ABAQUS 3-D model are almost the same. Therefore, we note that the Timoshenko beam theory can accurately evaluate the displacement transient response of a cantilever beam when the slender ratio is larger than 10. As shown in Figs. 6a, 6b , 6c, the normal stress transient response at the surface of the beam obtained by the ABAQUS 3-D beam model (Fig. 6c) is different from that of the Timoshenko (Fig. 6b) and Bernoulli-Euler beam theory (Fig. 6a) . Similarly, the difference of shear stress responses in the midpoint of the beam's cross section is large, as shown in Figs. 7a, 7b, 7c . The normal stress and shear stress responses cannot be appropriately calculated using either the Timoshenko or the Bernoulli-Euler beam theory. However, the tendency of the transient response for the Timshenko beam is similar to that obtained Fig. 5a . The displacement response obtained by the Durbin method for the Bernoulli-Euler beam with a slender ratio L/r g = 10. by the ABAQUS 3-D beam model for a slender ratio of L/r g = 10.
Next, a cantilever beam with a slender ratio of L/r g = 100 is considered. Figs. 8a, 8b, 8c are the displacement responses calculated from the Bernoulli-Euler beam theory, the Timoshenko beam 
Frequency spectrums obtained from the transient responses
The investigations of the characteristics of the steady state responses are significant both in the time and frequency domains because a transient response can be represented by a summation of all the steady state responses. Therefore, the comparisons of the steady state responses and the frequency spectrums obtained by In addition, the receiver is located 80 mm away from the fixed end. Table 4 shows the theoretical calculation results of the resonant frequencies and correspondent mode shapes. The FFT is applied to transient results obtained from the normal mode method for the normalized time tc 1 /r g = 0-1000 to obtain the frequency spectrums, and the results are shown in Figs. 11-13 . By comparing Figs. 11-13 with Table 4 , we note that the contribution of a mode is determined by the locations of the impact force and the receiver. It is observed from Table 4 that the anti-node of the second mode is close to the location of the impact force (0.5L), so a large magnitude is found for the second mode in shear and moment frequency spectrums (Figs. 11 and 12) . However, the location of the receiver point (0.8L) is near the node of the second mode shown in Table 4 , and therefore, the second mode does not have a significant influence on the displacement frequency spectrum. Similarly, as the locations of the impact force and receiver point are both near the nodes of the third mode, the third mode has little contribution in the shear, moment, and displacement frequency spectrums. However, the location of the impact force and receiver point is near the anti-node of the fourth mode, therefore, the magnitude of the fourth mode in the shear, moment, and displacement frequency spectrums is relatively large. In addition, only the resonant frequencies of mode 2 waves occur in Fig. 13 because the flexural vibrations (mode 2 waves) predominate over the thickness-shear vibrations (mode 1 waves) in the displacement frequency spectrum. The accuracy of the long-time responses for the Timoshenko beams based on the normal mode methods can also be ensured by the consistence of resonant frequencies obtained from the theoretical derivation (as indicated in Table 4 ) and the frequency spectrums (as shown in Figs. 11-13 ).
Conclusions
This study analyzes the transient dynamic responses of a cantilever Timoshenko beam subjected to an interior impact force using two different approaches, including Laplace transform and normal mode methods. The numerical results of these two approaches are the same. The numerical calculation time for the normal mode method is less than the Laplace transform method in evaluating transient responses of a cantilever beam, but the Laplace transform method can be used to solve complex structures such as multispan Timoshenko beams.
The comparisons of resonant frequencies and transient responses for displacement, normal stress, and shear stress based on the Bernoulli-Euler beam, Timoshenko beam, and ABAQUS 3-D beam model are made in this study. It is noted that the Timoshenko beam theory is suitable for predicting the displacement transient responses of a cantilever beam if the slender ratio L/r g is larger than 10, whereas the Bernoulli-Euler beam theory has an accurate evaluation if the slender ratio L/r g is larger than 100. Furthermore, the Timoshenko beam theory can accurately determine the resonant frequency of a cantilever beam when the slender ratio L/r g is larger than 100, while the Bernoulli-Euler beam can only be used when the slender ratio L/r g is larger than 400. 
